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Abstract

In this paper, we present a method for dynamically as-
sembling views in multi-dimensional data cubes in order
to more e�ciently support data analysis and querying in-
volving aggregations. The proposed method decomposes
the data cubes into an indexed hierarchy of view elements.
The view elements di�er from traditional data cube cells in
that they correspond to partial and residual aggregations of
the data cube. The view elements provide highly granular
building blocks for synthesizing the aggregated and range-
aggregated views of the data cubes.

We propose a strategy for selecting and materializing
the view elements based on the frequency of view access.
This allows the dynamic adaptation of the view element sets
to patterns of retrieval. We present a fast and optimal al-
gorithm for selecting non-expansive view element sets that
minimize the processing costs for generating a population
of aggregated views. We also present a greedy algorithm
for selecting redundant view element sets in order to further
reduce processing costs. We demonstrate that the view ele-
ment approaches perform better in terms of lower process-
ing and storage costs than methods based on materializing
views.

1 Introduction

On-line Analytical Processing (OLAP) is a recent form of
decision-support system that analyzes data across many di-
mensions [4]. In the OLAP applications, the data cube pro-
vides a conceptual representation of the multi-dimensional
data that is generated by mapping the functional attributes
of the data to the dimensions of the cube. As a result, the
operations in OLAP that aggregate and summarize the data
correspond to operations over the cells of the data cube.

Two approaches are emerging for handling data cubes in
OLAP applications. Relational OLAP (ROLAP) uses stan-
dard relational databases for storing, generating and query-
ing the data cubes. In order to support queries involving ag-
gregations, Gray et al. [6] proposed the cube operator, which
computes the aggregations over all combinations of dimen-
sions of the data cube. Multidimensional OLAP (MOLAP)
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systems, on the other hand, store the data cubes explicitly in
the form of multi-dimensional arrays. They require special-
ized software for generating, manipulating and querying the
data cubes. However, this approach allows for techniques in
signal processing, such as the view element method, to be
incorporated to add new functionality.

There are many issues involved with MOLAP data cubes.
For one, the data cubes can be large for high-dimensional
data. Furthermore, the nature of the data in databases
is often such that it results in sparse and ine�cient data
cubes [10]. More importantly, in order for the OLAP appli-
cations to be interactive, the operations performed on the
data cubes need to be fast [4]. Much of the work on data
cubes is directed towards the e�ciency in accessing aggre-
gated views. The di�cult problem often addressed concerns
identifying the best set of views to materialize [7, 8]. One
common theme in the treatment of data cubes is that redun-
dant data needs to be generated in order to gain e�ciency.
This results largely from the lack of a framework that allows
the aggregated data to be re-used for synthesizing parent
views in the data cube.

1.1 Related Work

There has been recent work on developing methods for
generating, querying, and maintaining data cubes [1, 2, 6, 9].
Agrawal, et al., developed several algorithms for computing
collections of related aggregations in data cubes [2]. Ross
and Srivastava proposed an algorithm for the fast compu-
tation of data cubes over sparse relations [10]. Zhao et al.,
recently investigated the problem of generating data cubes
that are stored explicitly using sparse multi-dimensional ar-
rays [13].

In the case of high-dimensional data sets, the storage
overhead of the views can become signi�cant. As a result,
it is di�cult to materialize and store all of the aggregated
views in the data cube. Harinarayan, et al., [8] and Gupta, et
al., [7] solve this problem by organizing the views into a view
dependency hierarchy. They observe that since some views
may be computed from other views, it is possible to trade-o�
the storage requirements for work at query-time. A greedy,
polynomial-time algorithm for selecting the best set of views
to answer a given population of queries was provided in [8].
Gupta, et al., address the problem of selecting, jointly, the
best set of views and indices given space constraints. [7]

We point out some limitations of the view dependency
approaches. First, the dependencies between views is al-
ways one-way: from parent to child. Second, redundant
information is retained by storing views in addition to the



data cube. The view dependency hierarchy illustrates this
redundancy, since all views are dependent on the original
data cube [8]. We develop a new framework that addresses
these limitations by decomposing the data cube into view
elements.

1.2 Contribution

In this paper, we present a method for representing the
data cube in terms of aggregated, intermediate and residual
view elements. The view elements provide higher granular-
ity in decomposing the data cube than the view dependency
hierarchy. For each aggregation operator, we design a pair
of partial decomposition operators that satisfy the proper-
ties of perfect reconstruction, non-expansiveness, distributiv-
ity and separability. The partial decomposition operators
are cascaded to compute the aggregations in the data cube.
The perfect reconstruction property allows parent views to
be synthesized from the children view elements. The non-
expansiveness allows the generation of complete sets of view
elements that do not increase the volume of the data cube.

We develop a view element graph to manage the view
elements. The view element graph assists in evaluating the
relative bene�ts of view element sets for allowing fast re-
trieval of a speci�ed population of queries. In this paper we
make the following contributions:

1. We develop a framework for decomposing data cubes
into view elements using partial and residual aggrega-
tion operators.

2. We develop partial and residual aggregation opera-
tors for the SUM function that are complete, non-
expansive, distributive and separable.

3. We describe a view element graph data structure for
managing (generating, synthesizing, evaluating, and
selecting) view elements in MOLAP applications.

4. We develop a fast algorithm for selecting the optimal
non-redundant view element set for a given population
of queries that minimizes the processing costs.

5. We develop a greedy algorithm for adding redundant
view elements in order to minimize the processing and
storage costs.

1.3 Outline

The paper is organized as follows. In Section 2, we
present the data cube model for representing views in OLAP
applications. In Section 3, we develop the framework for de-
composing data cubes into view elements using partial and
residual aggregation operators. In Section 4 we describe how
to manage the view elements using a view element graph.
Then, in Section 5, we present two algorithms for selecting
the view element sets according to populations of queries.
In section 6, we examine how to compute range-aggregation
queries using the view element graph. Finally, in Section 7,
we demonstrate the reduction in the processing and stor-
age costs of the view element method compared to other
methods of representing views in data cubes.

2 Preliminary

We start out by de�ning some preliminary information
about the data cubes. We consider that the data set is
initially stored in a relational table R that has d functional

attributes and at least one measure attribute. We have an
aggregation operator, denoted by S, which is to be applied
to the measure attribute.

Then, we denote by A, the d-dimensional data cube gen-
erated from relation R by mapping the m-th functional at-
tribute of R to dimension im in A. Given a domain of size
nm for the m-th functional attribute, the data cube A has a

volume of V ol(A) =
Qd�1

m=0
nm. We assume for convenience

in the following that 8mnm = 2km for integer km. Each
cell in A contains an aggregation of the measure attribute
of all records in R that map to that cell. In the following,
we denote by Sm the aggregation of a dimension im of A.

3 View elements

We present a new framework for decomposing the data
cube into view elements. The decomposition is achieved
using partial and residual aggregation operators. These op-
erators provide the building blocks for computing the SUM
aggregation over various combinations of dimensions in the
data cube.

3.1 Partial sum

We de�ne the �rst partial sum operator pair (Pm
1 ;Rm

1 )
for a dimension im of A as follows:

Pm
1 (A) =

1X
l=0

A[i0; : : : ; 2im + l; : : : ; id�1] (1)

Rm
1 (A) =

1X
l=0

(�1)lA[i0; : : : ; 2im + l; : : : ; id�1]: (2)

We recognize (Pm
1 ;Rm

1 ) as the multi-dimensional extension
of the discrete-time Haar �lter bank [12, pages 98 { 103].
We denote by Pm

1 (A), the �rst partial aggregation and by
Rm
1 (A), the �rst partial residual. We can see from Eq 1 that

Pm
1 (A) takes the sums of neighboring pairs of points along

each dimension of A, and subsamples by two. Rm
1 simply

takes the di�erences and subsamples by two. We de�ne the
following important properties of (Pm

1 ;Rm
1 ):

Property 1 Perfect reconstruction { The pair (Pm
1 ;Rm

1 )
satis�es the perfect reconstruction property since A can be
perfectly reconstructed from Pm

1 (A) and Rm
1 (A).

The perfect reconstruction of A is achieved from:

A[i0; : : : ; 2im; : : : ; id�1] =
1

2
(Pm

1 (A) +Rm
1 (A))

(3)

A[i0; : : : ; 2im + 1; : : : ; id�1] =
1

2
(Pm

1 (A)�Rm
1 (A)):

(4)

It is well know that the Haar �lters satisfy the perfect
reconstruction property. Many other �lter pairs, which we
do not investigate here, satisfy this property. We justify the
choice of the Haar �lters because of their short length (two
taps) and low complexity. Furthermore, they enable the
intermediate view elements to be used in range-aggregation
queries, which we explore later in Section 6.

In order to generalize the operators, we �rst de�ne Pm
0 (A)

= Rm
0 (A) = A. Then, we have the following recursive ex-

pression for computing the partial and residual aggregations,



where for convenience we denote Pm
k�1(A) and Rm

k�1(A) by
Pm
k�1 and R

m
k�1, respectively,

Pm
k (Pm

k�1) =

1X
l=0

Pm
k�1[i0; : : : ; 2im + l; : : : ; id�1] (5)

Rm
k (P

m
k�1) =

1X
l=0

(�1)lPm
k�1[i0; : : : ; 2im + l; : : : ; id�1]:

(6)

The distributivity of Pm
k and Rm

k enable the �rst partial
aggregation operators to be cascaded along a dimension of
A to generate the k-th partial aggregation.

Property 2 Distributivity { Pm
k (A) can be computed by

applying Pm
1 recursively to P0(A).

The k-th partial aggregations are derived recursively as fol-
lows:

Pm
k (A) = Pm

1 (Pm
k�1(A))

Rm
k (A) = Rm

1 (P
m
k�1(A)): (7)

This gives Pm
1 and Rm

1 the telescopic properties, i.e.,

Pm
k (A) = Pm

1 (Pm
1 (� � � (Pm

1| {z }
k

(A)))); (8)

in which Pm
k (A) is computed progressively. The distribu-

tivity allows us to generalize the property of perfect recon-
struction in Property 1 to the k-th partial aggregation as
follows:

Pm
k�1[i0; : : : ; 2im; : : : ; id�1] =

1

2
(Pm

k (A) + Rm
k (A))

(9)

Pm
k�1[i0; : : : ; 2im + 1; : : : ; id�1] =

1

2
(Pm

k (A)� Rm
k (A))

(10)

Not only does the pair (Pm
1 , Rm

1 ) satisfy the perfect re-
construction property in Property 1, it is also non-expansive.
This property is important in generating decompositions of
the data cube that do not expand the volume of the data
cube.

Property 3 Non-expansiveness { The pair (Pm
1 ;Rm

1 ) is
non-expansive since it does not increase the volume of data.

We demonstrate the non-expansion property as follows: con-
sider that we have a volume of A of

V ol(A) =

d�1Y
m=0

nm: (11)

Then, from Eq 1, we have a volume of V ol(Pm
1 (A)) as fol-

lows:
V ol(Pm

1 (A)) = n0n1 : : :
nm
2

: : : nd�1; (12)

and the same for Rm
1 (A). It follows that

V ol(Pm
1 (A)) + V ol(Rm

1 (A)) = V ol(A): (13)

Finally, we have that Pm
1 and Rm

1 are separable since they
operate independently on each dimension im of A.

Property 4 Separability { Pm
1 and Rm

1 are separable since
they operate solely on dimension im of the input.

The separability and distributivity of Pm
1 and Rm

1 enable
the input to be aggregated along multiple dimensions by
cascading the aggregation operators in any order as follows:

Pm;n
1;1 (A) = Pm

1 (Pn
1 (A)) = Pn

1 (P
m
1 (A)): (14)

We now examine how to use the partial aggregation op-
erators to form the building blocks for generating the aggre-
gated views in the data cube.

3.2 Total aggregation

The total aggregation along a dimension im is computed
by cascading Pm

1 in succession log2nm times, where nm is
the size of dimension im. For example, the total sum Sm(A)
of A along dimension im is given by

Sm(A) = Pm
log2nm(A)

= Pm
1 (Pm

1 (� � � (Pm
1| {z }

log2nm

(A)))): (15)

Using the Property 4, this is generalized to compute the
total sum of A as follows:

S(A) = S0(S1(� � � (Sd�1| {z }
d

(A))))

= P 0
log2n0

(P 1
log2n1

(� � � (P d�1
log2nd�1

(A)))): (16)

We now relate the notion of views in the data cube A
to the partial, residual and total aggregations that are com-
puted from A. We de�ne an aggregated view as follows:

De�nition 1 Aggregated view { An aggregated view of
data cube A is generated by totally aggregating A along any
number of dimensions.

A

V2 V3

V1

S1 S1

S0

S0

Figure 1: Example view hierarchy. The aggregated views
(V1, V2, and V3) are generated by totally aggregating A along
dimensions i0 and i1.

Figure 1 illustrates an example 2-D view hierarchy. The
aggregated views of A are computed from V1 = S0(A), V2 =
S1(A), and V3 = S(A) = S0(S1(A)) = S1(S0(A)). Given
that we can compute the total aggregations by cascading the
�rst partial aggregators, we have the foundation for building
a hierarchy of view elements. In general, we refer to the
aggregated views, and all partial and residual aggregations
as view elements.



De�nition 2 View element { A view element of data
cube A is generated by the total, partial, or residual aggre-
gation of A along any number of dimensions.

We further distinguish two special cases of view elements,
the residual view elements and intermediate view elements.

De�nition 3 Residual view element { A residual view
element of data cube A is generated by the residual aggrega-
tion of any view element of A along any number of dimen-
sions.

If, in generating a view element, a residual aggregation
has been used at any point, then that view element is de�ned
to be a residual view element. The residual view elements
are almost never of direct interest to the OLAP users. In the
signal-processing, the residual views correspond to the high-
frequency subbands, and are often important in signal analy-
sis. We name the remaining view elements, some of which
are aggregated views, intermediate view elements. The in-
termediate view elements that are not aggregated views are
often of interest in OLAP applications that involve range-
aggregation queries [9].

De�nition 4 Intermediate view element { An interme-
diate view element is any view element that is not a residual
view element.

The intermediate view elements are generated by apply-
ing the partial aggregation operator along some of the di-
mensions. Figure 2 illustrates an example 2-D view element
hierarchy. The partial and residual aggregations of A are
computed by applying Pm

1 and Rm
1 on each of the dimen-

sions im of A. The view elements V4, V6, and V11 are in-
termediate view elements and V5, V7, V8, V9, and V10 are
residual view elements.

A

V9

V4

V5

V11

V7

V10

V8

V6

R1
1

P1
1

P1
0

R1
0

P1
0

R1
0

R1
1

P1
1

R1
1

P1
1

R1
0

P1
0

Figure 2: Example view element hierarchy with residual and
intermediate view elements.

Figure 3 illustrates the view element hierarchy along one
dimension of the data cube. The view element hierarchy
is a super-structure of the view hierarchy in Figure 1. In
the view hierarchy, the aggregated view V1 is generated by
applying S0 to A. In the view element hierarchy, V1 is gen-
erated by applying P 0

1 to V4. V4 is generated by applying
P 0
1 to A. The view element hierarchy in Figure 3 also illus-

trates the two-way dependencies among the view elements.
For example, V4 is capable of being synthesized from V1 and

A

V9

V4

R1
0

P1
0

V4

P1
0

R1
0

P1
0

R1
0

V13

V1

V14

V12

Figure 3: Example view element hierarchy with aggregated
views and intermediate and residual view elements.

V12 due to the perfect reconstruction property of the �rst
partial aggregation pair (Pm

1 ;Rm
1 ).

De�nition 5 View element set { A view element set is
a unique set of aggregated views, partial-, or residual-view
elements.

We investigate how the data cube is represented using
view element sets. We �rst de�ne two properties of view el-
ement sets: completeness and non-redundancy. These prop-
erties are important in representing the views in the data
cubes using the view element sets.

De�nition 6 Completeness { A view element set is com-
plete with respect to another view element V if the members
of the view element set can be used to perfectly reconstruct
V .

By this de�nition, the partial aggregations of A gener-
ated by Pm

1 and Rm
1 are complete with respect to A, since,

by Property 1, A can be reconstructed from Pm
1 (A) and

Rm
1 (A). In general, we can test the completeness of a set of

view elements using the recursive and perfect reconstruction
properties of the �rst partial aggregation pair. We present
a method that uses the view element graph in Section 4.2.

De�nition 7 Non-redundancy { A view element set is
non-redundant only if there does not exist a partial, resid-
ual, or total aggregation of two of the view elements that
generates like view elements.

The non-redundancy ensures that there is no forward or
reverse dependencies among the view elements in the view
element set. We now have the following de�nition for the
view element sets that form a basis for the data cube.

De�nition 8 View element basis { A view element set
that is complete with respect to data cube A is a basis of A.

In general, the de�nition of a basis applies to the view
elements also, that is, a set of view elements may form the
basis for representing another view element. Of particular
interest are the view element sets that form a non-redundant
bases of the data cube.

De�nition 9 Non-redundant view element basis { A
set of view elements that is non-redundant and complete (a
basis) with respect to data cube A is a non-redundant basis
of A.

The notion of a basis is important for selecting view el-
ements that are su�cient for representing the data cube.
A non-redundant basis is able to represent the data cube
without expanding the volume of data. This is important
if storage space is minimal. In many cases, a minimum of
redundancy can be allowed to provide gain in processing
performance, as we demonstrate in Section 7.2.2.



4 View element graph

We now develop the view element graph. The view ele-
ment graph manages the view elements and provides a data
structure for evaluating the completeness, non-redundancy
and bene�ts of various view element sets. The view element
graph organizes the view elements according to the forward-
and reverse-dependencies among the view elements. An ex-
ample 2-D view element graph is depicted in Figure 4.

A
P1

0
R1

0,( )

P1
1

R1
1,( )

P1
0

R1
0,( )

P1
0

R1
0,( ) P1

0
R1

0,( )

P1
0

R1
0,( ) P1

0
R1

0,( )

P1
1

R1
1,( )P1

1
R1

1,( )

P1
1

R1
1,( ) P1

1
R1

1,( )P1
1

R1
1,( )

P1
0

R1
0,( )

P1
0

R1
0,( )

P1
0

R1
0,( )

P1
1

R1
1,( ) P1

1
R1

1,( )P1
1

R1
1,( )

P1
1

R1
1,( )

P1
1

R1
1,( )

P1
1

R1
1,( )

P1
0

R1
0,( ) P1

0
R1

0,( ) P1
0

R1
0,( )

Figure 4: The view element graph organizes the view ele-
ment into a two-way dependency graph (dark = aggregated
views, light = intermediate view elements, white = residual
view elements).

4.1 View element graph size

We examine the size and complexity of the view element
graph. Consider a d-dim data cube A, where each dimension
im has size nm. The view element graph has a depth Dm =
log2 nm on each dimension im of the data cube A. The
depth Dm corresponds to the number partial aggregations
Pm
1 needed in cascade to totally aggregate dimension im of

A.

Size The entire view element graph has Nve view ele-
ments, where

Nve =

d�1Y
m=0

(2nm � 1): (17)

Of these view elements, Nav are aggregated views, which
are of direct interest in OLAP applications, where

Nav = 2d: (18)

Niv of the view elements are intermediate view elements,
which can be used for range-aggregated queries, where

Niv =

d�1Y
m=0

(log2nm + 1): (19)

The remaining Nrv view elements are residual view elements

Nrv = Nve �Niv: (20)

Table 1 summarizes some example view element graph
sizes for various values of d (dimensionality) and n (domain
size). In general, we are not interested in generating all of
the view elements in the view element graph. However, we
enumerate them in order to indicate the complexity involved
with the view element method.

d = 2 d = 3 d = 4 d = 5 d = 8
n = 256 n = 32 n = 16 n = 8 n = 4

Nav 4 8 16 32 256

Niv 81 216 625 1024 6;561

Nrv 261;040 249;831 922;896 758;351 5;758;240

Nve 261;121 250;047 923;521 759;375 5;764;801

Table 1: Number of view elements of each type in the view
element graphs of various sizes (d = number of dimensions
and n = domain size of each dimension).

Complexity The view element graph groups the view el-
ements into blocks according to the stage in the cascade of
partial and residual aggregation, as depicted in Figure 4. In
general, each block of view elements is generated by partially
and residually aggregating a set of parent view elements. We
can see from Eq 1 and Eq 2 that there is a total of V ol(A)
additions/subtractions involved in generating each block of
view elements.

The view element graph has Nb =
Qd�1

m=0
(log2nm + 1)

blocks, counting the original data cube. The generation of
all of the view elements in the view element graph requires
O((Nb�1)V ol(A)) additions/subtractions. The entire view
element graph would require NbV ol(A) in storage space if
stored explicitly.

4.2 Completeness and non-redundancy

We can determine completeness and redundancy of a
view element set by evaluating its coverage of the d-dim fre-
quency plane. We assign each view element Vm a position
Xm and size Wm in the frequency plane. The position and
size are determined by the cascade of partial and residual
aggregation operators used to generate the view element.

We de�ne the position of the root view element A by
X(A) = [0; 0; � � � ; 0] and size by W (A) = [1; 1; � � � ; 1], since
A completely covers the frequency plane. The partial ag-
gregation Pm

1 along dimension im of A generates the child
view element with position and size as follows:

X(Pm
1 (A)) = [0; 0; � � � ; 0; � � � ; 0];

W (Pm
1 (A)) = [0; 0; � � � ; 1=2; � � � ; 0]: (21)

The partial aggregation along dimension im reduces the width
of the view element in dimension im of the frequency plane
by two. The partial residual aggregation Rm

1 along dimen-
sion im of A generates a child view element with position
and size

X(Rm
1 (A)) = [0; 0; � � � ; 1=2; � � � ; 0];

W (Rm
1 (A)) = [0; 0; � � � ; 1=2; � � � ; 0]: (22)

We can see that Pm
1 (A) and Rm

1 (A) correspond to the low-
frequency and high-frequency subbands of A, respectively,



along dimension im. In general, we obtain the relative posi-
tion and size of the view elements as follows: consider the in-
put view element V with position X(V ) = [x0; x1; � � � ; xd�1]
and sizeW (V ) = [w0; w1; � � � ; wd�1]. Then, the position and
size of the �rst partial and residual aggregations of V are
given by:

X(Pm
1 (V )) = [x0; x1; � � � ; xm; � � � ; xd�1];

W (Pm
1 (V )) = [w0; w1; � � � ; wm=2; � � � ; wd�1];

X(Rm
1 (V )) = [x0; x1; � � � ; xm +wm=2; � � � ; xd�1];

W (Rm
1 (V )) = [w0; w1; � � � ; wm=2; � � � ; wd�1]: (23)

We determine whether the view elements overlap in the
frequency plane by evaluating the intersection of the mul-
tidimensional rectangles in the frequency-plane de�ned by
their position and size. We de�ne the intersection VA

T
VB

of view elements VA and VB, which gives the volume of their
overlap as follows:

VA
\

VB =

(
0 9mx

A
m � xBm +wB

m or
9mx

B
m > xAm +wA

m

I(VA; VB) otherwise
(24)

where

I(VA; VB) =
Qd�1

m=0 (min(xAm +wA
m; x

B
m + wB

m)

�max(xAm; x
B
m)) (25)

We can now determine non-redundancy and complete-
ness as follows:

� Non-redundancy { a view element set is non-redundant
if and only if the view elements in the set do not over-
lap in the frequency plane: 8A6=BVA \ VB = 0.

� Completeness { a view element set is complete if and
only if the view elements in the set completely cover
the frequency plane.

We can evaluate the completeness of a view element set using
the view element graph and the following recursive proce-
dure:

Procedure 1 View element set completeness { a view
element set is complete with respect to A if and only if:

1. A is in the view element set or,

2. the view element set is complete with respect to the
partial- and residual-aggregation children on at least
one dimension im of A.

Any view element set that completely and non-redundantly
covers the frequency plane is a non-redundant view element
basis of the data cube.

4.3 View element bases

There are many view element bases that have corollaries
in signal processing. Since the view element graph is a form
of multi-dimensional �lter bank, we characterize some of the
view element bases in signal processing terms.

Wavelet basis The wavelet basis ([12]) is a non-redundant
basis generated by decomposing the intermediate view ele-
ments on all dimensions, jointly, starting from the root data
cube. The view element wavelet basis set is depicted in Fig-
ure 5(a). The �nal total aggregation and all of the generated
residual view elements form the wavelet basis. The wavelet
basis has a volume of V ol = nd.

(a) (b)

Figure 5: Example view element sets: (a) wavelet basis, and
(b) redundant Gaussian pyramid.

(a) (b)

Figure 6: Example view element sets: (a) redundant view
hierarchy, and (b) non-redundant wavelet packet basis.

Gaussian pyramid The Gaussian pyramid ([3]) is gener-
ated by partially aggregating the intermediate view elements
on all dimensions, jointly, starting from the root data cube.
The total aggregation view element and all of the gener-
ated intermediate view elements form the Gaussian pyra-
mid. The view element Gaussian pyramid set is depicted in
Figure 5(b). The Gaussian pyramid, which is a redundant

basis, has a volume of V ol =
Pd�1

m=0
1
dm

.

View hierarchy The view hierarchy ([8]), is generated by
totally aggregating the data cube along all combinations of
its dimensions. The view element set that corresponds to
the view hierarchy is depicted in Figure 6(a). The view
hierarchy forms a redundant basis and has a volume of V ol =
(n+ 1)d.

Wavelet packets In general, the approach of representing
the data cubes adaptively by non-redundant sets of view
elements is related to the wavelet packet method in signal
processing [5]. A wavelet packet basis corresponds to any
non-redundant basis (any complete and non-redundant set
of view elements). An example of a view element wavelet
packet basis set is depicted in Figure 6(b).

Wavelet packets have great capacity for compressing po-
tentially sparse data cubes. Although we do not explore it
here, by selecting the bases that best isolate the non-zero
data from the zero areas of the data cube, the view element
wavelet packet basis can represent the data cube in a com-
pact form. Since the wavelet packet bases are non-redundant
and complete, they have a volume of V ol = nd



5 View element selection

In an OLAP application, we would like to select a set of
view elements for representing the data cube. We assume
that the database administrator anticipates the relative fre-
quency in which various views of the data cube are accessed.
Alternatively, the frequencies of access can be observed on-
line, allowing the system to dynamically recon�gure. We
de�ne two algorithms for selecting a view element set for
representing the data cube according to the frequencies of
view access.

In the �rst algorithm, we consider that the selected view
element set needs to form a non-redundant and complete
basis of the data cube. Given this constraint, the algorithm
selects the complete and non-redundant set of view elements
that minimizes the processing cost for generating the pop-
ulation of queries. The second algorithm relaxes the non-
redundancy constraint and focuses on selecting a set of view
elements that minimizes processing cost for a target storage
cost.

We point out that since the view dependency hierarchy
is embedded within the view element graph, the use of view
elements does not preclude the selection of a redundant set
of views. In fact, when such con�gurations represent the
best alternatives, they will be selected. In this way, the view
element approach represents an extension of the methods
that pre-materialize a set of views.

5.1 View element basis selection

We �rst describe a fast procedure for extracting a non-
redundant basis from the view element graph [11]. Then, in
Algorithm 1, we present an algorithm for selecting the non-
redundant view element basis that minimizes the processing
costs for accessing views. In general, we are guaranteed to
select a non-redundant view element basis by following the
following procedure:

Procedure 2 Basis extraction { a non-redundant basis
is extracted from the view element graph as follows: start
from the root view element (A):

1. Choose one of the dimensions im� , or choose nothing.

2. If choose nothing then terminate. Otherwise, repeat
steps 1 & 2 for the partial and residual aggregation
children on the chosen dimension im� .

3. Follow the chosen paths from the root view element,
and mark all of the encountered terminal view ele-
ments.

4. The marked elements form a non-redundant view ele-
ment basis.

The extraction of a non-redundant basis requires a sin-
gle d + 1-way choice for each view element. Considering
that there are Nve view elements (Eq 17), the procedure
requires only O((d+1)Nve) comparisons in order to extract
a non-redundant basis. We now apply this procedure to the
extraction of the least-cost basis.

5.2 Minimum processing cost

The fast procedure for basis extraction can be used to se-
lect the view element basis that has the minimum processing
cost for generating a population of queries. Let fZkg de�ne
a population of K views, or, in general, view elements. Let

fk denote the relative frequency of access of Zk such thatPK�1

k=0 fk = 1. For each view element Vn in the view ele-
ment graph, and each Zk, we compute the processing cost
Cn;k for Vn to support Zk.

In general, the views Zk are not direct descendents of
all view elements. However, in order for a view element
Va to construct an intersecting view element Vb, it must,
in general, be aggregated and synthesized with other view
elements. We can express this cost as the sum of the costs
for Va and Vb to generate their largest common descendent,
that is:

Ca;b = Da;l +Db;l; (26)

where l is chosen such that V ol(Vl) = V ol(I(Va; Vb)), and
Da;l and Db;l give the costs to aggregate view elements Va
and Vb, respectively, to generate Vl. We base these costs on
the number of additions/subtractions required in the partial
aggregation cascades (see Section 4.1).

We can compute Ca;b directly from the volumes of the
involved view elements if they intersect. Let I(Va; Vb) give
the intersection of Va and Vb from Eq 25. Then,

Ca;b =

�
Fa;l + Fb;l Va

T
Vb

0 otherwise.
(27)

where, in general, Fa;l is computed from

Fa;l =

log2(V ol(Va))�1X
j=log

2
(I(Va;Vb))

2j : (28)

Then, we select the non-redundant basis from the view
element graph that minimizes the total processing cost using
the following recursive algorithm:

Algorithm 1 Minimum cost non-redundant basis se-
lection { A complete and non-redundant basis of minimum
cost is selected from the view element graph as follows:

1. Assign a support cost Cn(Vn) to each view element Vn
in the view element graph, where

Cn(Vn) =

K�1X
k=0

fkCn;k : (29)

2. Let Tm(Vn) give the minimum cost of Vn's children on
dimension im:

Tm(Vn) = D(Pm
1 (Vn)) +D(Rm

1 (Vn)); (30)

where D(Vn) is de�ned for each view element Vn as
follows:

3. Let m� = argminmTm(Vn) select the minimum cost
dimension im�

4. If Cn(Vn) � Tm� (Vn) then terminate, otherwise choose
dimension im� . Compute D(Vn) as follows:

D(Vn) =

�
Cn(Vn) Cn(Vn) � Tm� (Vn)
Tm�(Vn) otherwise.

(31)

5. Use Procedure 2 to extract the selected basis.

Algorithm 1 selects the optimal non-redundant view element
basis using the fast Procedure 2 for the basis extraction. An
experiment that demonstrates that Algorithm 1 selects rep-
resentations of the data cube that minimize the processing
cost is given later in Section 7.2.1.



5.3 Minimum processing and storage cost

In some cases, it is desirable to select a redundant basis
if the processing costs can be reduced signi�cantly. Unfortu-
nately, the fast algorithm does not apply in this case. In [8],
a sub-optimal greedy algorithm was proposed for selecting
redundant views. We follow a similar approach for selecting
redundant view elements.

The greedy algorithm selects the redundant view element
basis that minimizes the processing cost for a target stor-
age cost. The algorithm utilizes the following procedure for
computing the total processing cost of a redundant view el-
ement set in supporting a population of queries:

Procedure 3 Total processing cost { the total process-
ing cost for a redundant view element set to support a pop-
ulation of queries is computed as follows:

1. Aggregation costs:

(a) For each selected view element Vs, let Fs;l give the
aggregation cost to generate each dependent view
element Vl (Eq 28).

(b) Let Fl = mins Fs;l give the minimum cost to com-
pute view element Vl by aggregating some view el-
ement.

2. Synthesis costs:

(a) For each non-selected view element Vn, let Rn

give the minimum cost to compute Vn by synthe-
sis:

Rn = V ol(Vn)min
m

(T m
p + T m

r ); (32)

where T m
p and T m

r are the minimum costs of the
partial and residual children, respectively, on di-
mension im, and for each child j 2 fp; rg on di-
mension im, T m

j = min(Fm
j ;R

m
j ).

3. Let Tj give the least cost option (aggregation or syn-
thesis) of generating each view element Vj:

Tj = min(Fj;Rj): (33)

4. Then, the total cost to generate a population of views
fZkg is given by

T =
X
k

fkTk ; (34)

where fk is the frequency of access of view Vk .

The following greedy algorithm adds view elements (or
views) in successive stages. At each stage, the view element
that results in the largest reduction of the total processing
cost T is added.

Algorithm 2 Minimum cost redundant basis selec-
tion { The complete, and possibly redundant basis that min-
imizes processing cost for a target storage cost ST is selected
from the view element graph as follows:

1. Select the minimum cost non-redundant view element
basis fVsg using Algorithm 1.

2. For each non-selected view element (or view) Vn, if
V ol(fVsg) + V ol(Vn) � ST then

(a) Select the view element.

(b) Compute the new total processing cost Tn using
Procedure 3.

(c) De-select Vn.

3. Let n� = argminnT
n choose the view element that re-

sults in the largest reduction of the processing cost.

4. Add Vn� to the selected view element set, and repeat
steps 2, 3 & 4 while V ol(fVsg) < ST .

An experiment that demonstrates the performance of Al-
gorithm 2 in selecting the redundant representations of the
data cube that have the minimum processing cost for a tar-
get storage cost is given later in Section 7.2.2.

6 Range-aggregation

Many queries of interest in OLAP involve the aggrega-
tion over contiguous attribute ranges. For example, one such
view computes the total sales of a particular product to a
particular customer between a range of dates. In general,
a range refers to an embedded sub-cube within the data
cube. The range is de�ned by its position X = [xn] and size
W = [wn] as follows:

G(A) = A[x0 : w0; x1 : w1; � � � ; xd�1 : wd�1]: (35)

The range-aggregation computes an aggregation S over the
range G(A) of the data cube A, by

S(G(A)) =

l0+w0�1X
i0=l0

l1+w1�1X
i1=l1

: : :

ld�1+wd�1X
id�1=ld�1

A[i0; i1; � � � ; id�1]:

(36)
The range-aggregations are related to the intermediate

views due to the commutativity between range extraction
G and partial aggregation P1 under conditions on the range
values. Consider the partial aggregation Pm

1 applied after
range extraction Gm along dimension im of A

Pm
1 (Gm(A)) =

1X
l=0

A[i0; : : : ; xm + 2im + l; : : : ; id�1]: (37)

We de�ne Gm
2 by sub-sampling Gm by two such that X2 =

X=2 and W2 = W=2. If Pm
1 and Gm

2 are cascaded, then we
have

Gm
2 (P

m
1 (A)) = Gm

2 (

1X
l=0

A[i0; : : : ; 2im + l; : : : ; id�1])

=

1X
l=0

A[i0; : : : ; xm + 2im + l; : : : ; id�1];

(38)

which gives the desired commutativity as follows:

Pm
1 (Gm(A)) = Gm

2 (P
m
1 (A)): (39)

As long as the range in G falls along powers of two in posi-
tion and size, then the range can be extracted by G2 from
the �rst partially aggregated intermediate view. In general,
we can extract the range-aggregation from the k-th partial
aggregation intermediate view if the range falls along powers
of 2k as follows:

Pm
k (Gm(A)) = Gm

2k (P
m
k (A)): (40)

Otherwise, the range-aggregations can be generated by ag-
gregating the extracted ranges from the data cube as usual.



7 Evaluation

We examine the bene�ts of the view element graph �rst
through a pedagogical example, and then through experi-
mental analysis.

7.1 Pedagogical view element example

We construct a simple example to illustrate the advan-
tages of the view element method. In this example, we con-
sider that two views, V1 and V7, are equally likely to be
retrieved. The remaining views are not. That is, f1 = f7 =
0:5, and 8n6=1;7fn = 0. The processing costs for each of
the transitions in the view element graph are indicated in
Figure 7 by (i; j), where i is the aggregation cost and j is
the synthesis cost. Table 2 gives the storage and processing
costs of various sets of view elements.

V0

V1

V4

V8

V7

V3

V2

V6

V5

(2, 2)

(2, 2)

(2, 2)

(2, 2)

(1,1)

(1,1)

(1,1)

(1,1)

(1,1)

(1,1)

(1,1)

(1,1)

Figure 7: Example view element graph in which two views
are accessed with equal frequency: f1 = f7 = 0:5.

View element Processing Storage
set Basis Redundant Cost Cost

fV3; V6; V7g Yes No 3 4
fV1; V5; V6g Yes No 3 4
fV0g Yes No 4 4
fV1; V4g Yes No 4 4
fV7; V8g Yes No 4 4
fV2; V3; V5; V6g Yes No 4 4

fV0; V1; V7g Yes Yes 0 8
fV1; V7g No Yes 0 4
fV3; V7g No No 3 3
fV2; V3; V5g No No 4 3

Table 2: The processing and storage costs of various view
element sets.

The �rst six view element sets listed in Table 2 are non-
redundant bases for data cube V0. Two of these view ele-
ment sets, fV3; V6; V7g, and fV1; V5; V6g, have the minimum
total processing cost = 3. For example, the processing cost

of fV1; V5; V6g is computed from (V1
0
! V1) + (V5

1
! V7),

(V1
1
! V2), (V2

1
! V7). The remaining non-redundant and

complete view element sets are sub-optimal.
On the other hand, consider that only views can be ma-

terialized. By materializing that root data cube V0, the pop-
ulations of views are generated with a higher processing cost
= 4. Furthermore, the redundant set of views fV0; V1; V7g

has zero processing cost but increases the storage cost to
8. The incomplete set of views fV1; V7g has zero processing
cost but is not capable of constructing all views in the data
cube. In summary, this example illustrates that without us-
ing view elements, the processing cost is reduced only by
increasing the storage cost, or by sacri�cing the complete-
ness of the set of views.

7.2 Experiments

We evaluate the performance of the view element method
in two experiments. In both experiments, we have a d-dim
data cube with a size of n on each dimension (square). We
assign a random probability of access to each of the aggre-
gated views in the data cube. We denote the k-th aggregated
view by Zk, and the probability of access by fk.

7.2.1 Experiment 1 { non-redundant bases

In the �rst experiment, we compare three strategies of se-
lecting non-redundant view element bases: ([D]) store data
cube A, ([W]) store wavelet view element basis, and ([V])
select the best non-redundant view element basis using Al-
gorithm 1.

The experiment uses a 4-dimensional data cube with a
domain size of 16 on each dimension. The view element
graph for the 4-D data cube consists of 923; 521 view ele-
ments, of which 16 are aggregated views. We conducted 100
trials in which the view access frequencies were chosen at
random as described above.

0 10 20 30 40 50 60 70 80 90 100
2

4

6

8

10

12

14

16

18

20

22
Processing cost vs. Trial number

P
ro

ce
ss

in
g 

co
st

Trial number

[W]

[D]

[V]

Figure 8: The processing costs to support randomly selected
distributions of aggregated view queries: [D] data cube only,
[W] wavelet basis, [V] best view element basis.

The resulting processing costs are given in Figure 8. We
can see that Algorithm 1 (plot [V]) selects view element sets
that greatly reduce the processing cost for supporting the
queries. On average, the processing costs are 53:8% of the
cost of the data cube (plot [D]). The wavelet basis (plot
([W]) performs worse than both methods.

In general, the view element method is guaranteed have
a lower processing costs than these methods since the view
element graph is a superset of the data cube, the wavelet
basis, and other non-redundant, complete representations
of the data cube.



7.2.2 Experiment 2 { storage and processing costs

In the second experiment we investigate two approaches
for materializing redundant sets views and view elements.
In the �rst approach ([D]), we start by materializing the
data cube, then add views in a greedy fashion. In the sec-
ond approach ([V]), we �rst select the minimum cost non-
redundant view element basis using Algorithm 1, then add
view elements in a greedy fashion using Algorithm 2.
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Figure 9: Average storage cost vs. processing cost over ten
trials: [D] greedy view method, [V] greedy view element
method.

The average results for the storage and processing costs
over ten trials are given in Figure 9. The experiment used
a d = 4-dim data cube with a domain size of n = 4 on each
dimension. The storage costs were computed from relative
volume of the selected view elements (or views) compared
to the volume of the data cube. We point out that the
maximal storage cost, which is given by materializing all
views, is given by (n+ 1)d=nd = 2:44.

Figure 9 demonstrates the reduction in processing and
storage costs achieved by the view element method (plot
[V]). Initially, the view element method selects the best non-
redundant view element basis (point a). In order to provide
an equivalent processing cost, the view selection method
(plot [D]) requires an increase in storage cost by approxi-
mately 1:25 (point c). Furthermore, as the storage budget
is increased, the view element method consistently repre-
sents the data cube in a form that has lower processing cost
than the best set of redundant views.

We can guarantee that the view element method selects a
representation that has lower processing cost for any target
storage cost as follows: at each stage in Algorithm 2, add
the best view, and remove the obsolete view elements. The
initial non-redundant view element method solution (point
a) is never worse than that provided by the data cube (point
b). Furthermore, both methods converge to the same zero
processing cost solution (point d). By greedily adding views
in both methods, the view element sets have a lower pro-
cessing cost for any target storage cost.

8 Conclusion

We presented a new method for representing data cubes
using aggregated, intermediate and residual view elements.

We described a view element graph data structure for man-
aging the generation, selection and evaluation of the view
elements. We presented and evaluated the performance of a
fast and optimal algorithm for selecting non-expansive and
complete sets of view elements for representing the data
cubes. We also presented a greedy algorithm for selecting
redundant view elements in order to further reduce pro-
cessing costs. We demonstrated that the greedy view ele-
ment approach performs better than the greedy approaches
of adding views to the data cube in terms of storage and
processing costs.
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